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Abstract 

We consider the invariant measure of homogeneous random walks 
in the quarter-plane. In particular, we consider measures that can 
be expressed as a finite or countable linear combination of geometric 
terms. We present conditions on the cardinality and the structure of 
these linear combinations such that the resulting measure can be an 
invariant measure of a random walk. Our contributions are as follows: 
First, we demonstrate that each geometric term must individually sat- 
isfy the balance equations in the interior of the state. Next, it is shown 
that the geometric terms in an invariant measure must have a pairwise- 
coupled structure. Finally, it is shown that a linear combination of 
two geometric terms can never be an invariant measure. Moreover, if 
a finite linear combination of geometric terms is an invariant measure, 
then at least one coefficient must be negative. 

Keywords: random walk, quarter-plane, positive orthant, invariant mea- 
sure, stationary distribution, product-form, compensation method, geometric 
distribution. 

*P.O. Box 217, 7500 AE Enschede, The Netherlands. Email:{Y.Chen, R.J.Boucherie, 
J . Goseling} @utwente . nl 



1 



1 Introduction 



We study random walks in the quarter-plane that are homogeneous in the 
sense that transition probabilities are translation invariant. Our interest is in 
invariant measures that can be expressed as linear combinations of geometric 
terms, i.e., the measure m in state is of the form 



Many examples exist of random walks with geometric product-form invariant 
measure, i.e., with a single geometric term, see e.g., [3]. In addition, it is 
known that the invariant measure of some random walks can be expressed as 
a linear combination of countably many geometric terms [2j . This naturally 
leads to the problem addressed in the current work, that is to characterize 
which linear combinations of geometric measures may yield invariant mea- 
sures for the random walk in the quarter-plane. 

Various approaches to finding the invariant measure of a random walk in 
the quarter-plane exist. Most notably, methods from complex analysis have 
been used for finding expressions for the generating function of the invariant 
measure for arbitrary random walks [Sl[7j. Matrix-geometric methods pro- 
vide an algorithmic approach to finding the invariant measure [9J. However, 
explicit expressions for the invariant measures of most random walks are still 
hard to obtain using these methods. An overview of recent work on finding 
the invariant measure of random walks in the quarter- plane is given in [S]. 

The focus of the current work is on the class of measures that can be 
expressed as a finite or countable linear combination of geometric terms. 
We present conditions on the cardinality and the structure of these linear 
combinations such that the resulting measure can be an invariant measure of 
a random walk. Our contributions are as follows: First we demonstrate that 
each geometric term must individually satisfy the balance equations in the 
interior of the state. Next it is shown that the geometric terms in an invariant 
measure must have a pairwise-coupled structure. Finally, it is shown that a 
linear combination of two geometric terms can never be an invariant measure. 
Moreover, if a finite linear combination of geometric terms is an invariant 
measure, then at least one coefficient must be negative. A similar study for 
processes on a continuous state space, i.e., for reflected Brownian motion, is 
presented in [6j. 
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The remainder of this paper is structured as follows. In Section [2] we 
present the model. Definitions and some initial results are given in Section [Hi 
Necessary conditions on the structure of the set of geometric terms are given 
in Section |H In Section |5] conditions on the cardinality of this set and the 
signs of the coefficients in the linear combination are investigated. 

2 Model 

Consider a two-dimensional random walk on the pairs of non-negative 
integers. We refer to > 0,j > 0}, {(z, j)K > 0, j = 0}, = 

0, j > 0} and (0,0) as the interior, the horizontal axis, the vertical axis 
and the origin of the state space, respectively. The transition probability 
from state to state {i + s,j + t) is denoted by Ps,t{hj)- Transitions are 
restricted to the adjoining points (horizontally, vertically and diagonally), 

1. e., ps,t{k,l) = if |s| > 1 or |t| > 1. The process is homogeneous in 
the sense that for each pair (i,j), {k,l) in the interior (respectively on the 
horizontal axis and on the vertical axis) of the state space 

Ps,t{hj)=Ps,tik^^) and ps,ti'i' - s,j -t) = ps,tik - s,l -t), (1) 

for all —1 < s < 1 and — 1 < t < 1. We introduce, for i > 0, j > 0, the 
notation Ps,t{hi) = Ps,t, Ps,o{hO) = and Po,t(0,j) = Vt. Note that the 
first equality of ([1]) implies that the transition probabilities for each part of 
the state space are translation invariant. The second equality ensures that 
also the transition probabilities entering the same part of the state space are 
translation invariantjl] The above definitions imply that Pi,o(0,0) = hi and 
Po,i(0,0) = Vi. The model and notation are illustrated in Figured! 

We assume that the random walk is ergodic and has invariant measure 

^Note that this is a stronger notion of homogeneity than considered in, for instance, [5]. 
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Figure 1: Random walk in the quarter- plane. 



m, i.e., for i > and j > 



1 



s=-l t=-l 

1 1 



m 



(2) 

{i, 0) = ^ m{i - s, l)ps,-i + ^ m(i - s, O)ps,o, (3) 

s=-l s=-l 

1 1 



t=-i 



t=-i 



We will refer to the above as the balance equations in the interior, the hori- 
zontal axis and the vertical axis of the state space respectively. 

3 Preliminaries 

In the first part of this section we show that for invariant measures consisting 
of linear combinations of geometric terms, these geometric terms individually 
satisfy the interior balance equations. In the second part of the section we 
introduce the notions of uncoupled partitions and pairwise coupled sets which 
will be used in later sections. 
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Figure 2: Examples of Q(p, a) 
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3.1 Induced measures 

Definition 1 (Induced measure). Measure m is called induced by T G if 

with a{p, cr) 7^ for all (p, cr) G F. 

We restrict ourselves to finite measures, for which the value of the sum- 
mation is independent of the ordering of the sequences. In other words, we 
assume that X](pcr)gr \^{Py ~ P)^^i^ " '^)~^ < Moreover, we restrict 
our attention to F of at most countably infinite cardinality. In particular, 
we will consider linear combinations of geometric measures that individu- 
ally satisfy the balance equations in the interior of the state space, ([2]). We 
introduce the polynomial 

Q(p, ^) = ( E E p''^''ps,t - 1 ) (5) 

\s=-lt=-l / 

to capture the notion of balance, i.e., Q{p,a) = implies that pV-^ satis- 
fies ([2]). Several examples of Q{p,a) = can be found in Figure |2j Let C be 
the restriction of Q{p, a) = to the interior of the positive unit square, i.e., 

C = {(p, a) G (0,1)2 I g(p, a) = 0}. (g) 

The next result justifies the restriction of considering only pairs (p, cr) 
from C. 
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Theorem 1. // the invariant measure for a random walk in the quarter- 
plane is induced by T G where T is of at most countable cardinality, then 
T CC. 

Proof. Since m satisfies balance in the interior of the state space 

oo 11 

J2p^^>(p^^^^^(^ -EE P'^'^k'Ps,)] = 0. (7) 

k=l s=-lt=-l 

Moreover, we have 

oo 11 

^a(pfc,(7fc)pfc(Tfe(l - 'Y Pk'(^k^Ps,t) 
k=l s=-lt=-l 
oo ^ ^ 

<M^|a(pfc,fffc)| ^_ ^_ 



p L — a 

k=l ^ 



<oo, 



where M is a finite positive constant. Hence, the sequence ce[pk, (yk)Pk<^k{^ — 
Pk'^k ^Ps,t), where = 1, 2, ■ ■ ■ , is absolutely convergent. Then, 
it follows directly from [4^ Theorem 1] that 



1 1 



1 - E E pk'^k'ps, = 0. 



s=-l t=-l 



which is the interior balance equation for the measure p^o'l, hence Q{pk, o'k) = 
0. Finally note that an element (p, a) ^ (0, 1)^ would induce a measure that 
is not finite. □ 



3.2 Uncoupled partitions and pairwise-coupled sets 

Different ways of partitioning set F will be introduced here. These partitions 
play an essential role in the analysis later on. 

Definition 2 (Uncoupled partition). A partition {Fi,F2,---} o/F is hori- 
zontally uncoupled if (p, a) G Fj and (p, a) G F^ for i j , implies that p 7^ p; 
is vertically uncoupled if {p,o-) G Fj and {p,o-) G F^ for i 7^ j, implies that 
b 7^ o; and is uncoupled if it is both horizontally and vertically uncoupled. 
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Figure 3: Partitions of F. In (a) an example of curve C and subset F are 
given. Figures (b) , (c) and (d) give the uncoupled, horizontally uncoupled 



and vertically uncoupled partitions of F respectively, where different sets are 
marked by different symbols. 



We call the partition with the largest number of sets a maximal partition. 

Lemma 1. The maximal horizontally uncoupled partition is unique. 

Proof. Assume that {Vi\f^i and {F-}^]^ are different maximal horizontally 
uncoupled partitions of F. Without loss of generality, Fi fl F'^^ 7^ and 
Fi \ F'l ^ 0. Consider (p, a) e Fi \ F^ and (p, ct) G Fi n F;. If p = p, then 
is not a horizontally uncoupled partition. If p 7^ p, then {Fj}j is not 
maximal. □ 

Existence of unique maximal (vertically) uncoupled partitions follows sim- 
ilarly. Examples of a maximal uncoupled partition, of a maximal horizontally 
uncoupled partition and of a maximal vertically uncoupled partition can be 



found in Figures 3(b), 3(c) and 3(d) respectively. 



Let H denote the number of elements in the maximal horizontally un- 
coupled partition and F^, i = 1,. . . ,H, the sets themselves. The common 
horizontal coordinate of set F^ is denoted by ^?(FJ'). The maximal verti- 
cally uncoupled partition has V sets, Vj, j = 1, ■ ■ ■ ,V, where elements of F^ 
have common vertical coordinate ^(FJ).The maximal uncoupled partition is 
denoted by {F^jLi- 

Next, we make two observations on the structure of F C C for which 
the maximal uncoupled partition consists of only one set. Firstly, for any 
(p, cr) G F there always exist either (p, a) G F, 5" 7^ a or (p, a) G F, p 7^ p. 
Secondly, the degree of Q{p, a) is at most two in each variable. This means, 
for instance, that if (p, cr) G F and (p, 5") G F, cr 7^ cr, then there does not 
exist (p, (j) G F, where a 7^ a, a 7^ a and a 7^ cr. By repeating the above two 
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Figure 4: Examples of pairwise-coupled sets. 

arguments for other elements in F it follows that F must have a pairwise- 
coupled structure. An example of such a set is F = {{pk, crk), k = 1,2,3 ■■ ■} 
where 

Pi = P2, CTl > (^2, P2 > P3, = 0-3, Ps = Pi, (^3 > (^4., ' ' ' ■ (8) 

The above discussion leads to the definition of a pairwise-coupled set in terms 
of the number of sets in a maximal uncoupled partition. 

Definition 3 (Pairwise-coupled). A set T G C is called pairwise-coupled if 
and only if the maximal uncoupled partition of F contains only one set. 

Some examples of pairwise-coupled sets can be found in Figure HI The 
example of countably many pairwise-coupled elements given in ([8]) occurs 
in, for instance, |i2j when applying the compensation method. A sufficient 
condition for applying the compensation method is that the random walk 
does not have transition probabilities to the North, North-East and East, 
I.e., that pi,o = Pi,i = Po,i = 0. 

4 Structure of F 

In this section we consider the structure of F and show that if there are 
multiple sets in the maximal uncoupled partition of F, then the measure 
induced by this F cannot be the invariant measure. The next theorem states 
the main result of this section. 

Theorem 2. Consider the random walk P and its invariant measure m. If 
m is induced by T <Z C , then F is pairwise-coupled. 
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The proof of the theorem is deferred to the end of this section. We 
first introduce some additional notation. For any set Fj from the maximal 
horizontally uncoupled partition of F, let 

1 

B\T{)= aip,a)[Y,{p'~'h, + p'-^aps,-i)-p], (9) 

ip,a)eri s=-i 

For any set Tj from the maximal vertically uncoupled partition of F, let 

1 

i?^(F,)= "(P,^)[E + (10) 

(p,a)er, i=-i 

Note that ELEMer.P'-'B\r) = and E^li E(p..).r, ^^■-^^'^(r) = 
are the balance equations for the measure induced by F at the horizontal and 
vertical boundary respectively. 

Lemma 2. Consider the random walk P and a finite measure m induced 
by some T C C . The sequences {B^(T^)}^^ and {B"" {T^)}Y^^ are absolutely 
convergent. 

Proof. We only provide the proof that the sequence {-B'^(F^)}^]^ is absolutely 
convergent. We have 

H H 



2=1 4 = 1 



(p,<x)Gr^'' «=-i 

H 1 



^-^ 1 — n \ — a 

(P,<x)er 

< oo, 

for some M < oo, where the last inequality follows from the fact that m is a 
finite measure. The result for {i?''(FJ')}J^^ follows similarly. □ 

Remark 1. Note that LemmalE does not require m to be the invariant mea- 
sure of P, it can be any finite measure. 



9 



The following lemma is a key element for the proof of Theorem [21 

Lemma 3. Consider the random walk P and a measure m induced hyV d C . 
Then m is the invariant measure of P if and only if for all 1 < i < H , 
l<j<V, B^{T^) = and B^iT]) = 0. 

Proof. Since m is the invariant measure of P, it satisfies the balance equations 
at state (i,0). Therefore, 

1 

= [m{i — k, 0)hk + m{i — k, l)pk-i\ — m{i, 0) 

k=-l 

1 

= Yl a{p,a)[J2{p'-'h + p'-'ap,,_,)-p^] (11) 
(p,(T)er k=-i 

H 1 

s=i (p,o-)erj k=-i 

H 

= E^^(r')^"'5'(r')- (12) 

s=l 

The exchange of summations is justified by Lemma [21 

Suppose that H is finite. From <^ it follows that B^{T^), I <i < H, 
satisfy a Vandermonde type system of equations. Moreover, from the proper- 
ties of a maximal horizontally uncoupled partition, the coefficients ^(L^) are 
all distinct. It follows that B'^{r^) = 0, 1 < i < H . For countably infinite 
H we resort to [H Theorem 1] , which can be applied based on Lemma [21 
Using the same reasoning it follows that B^{r^) = 0, 1 < i < V, finishing 
one direction of the proof. 

Another direction of the proof can be readily verified by observing that, 
if 5^(rf) = 0, then Eii Pl^''(r*'') = where s = 0,1,2---. Therefore, 
the balance equation for (i,0), i > is satisfied. Using the same reasoning 
balance at the vertical states is satisfied. Balance in the interior is satisfied 
by the assumption that m is induced by F C C. Finally, balance in the origin 
is implied by the balance in other parts of the state space. □ 

Next we present the proof of Theorem [2l 

Proof of Theorem [H The sets of the maximal uncoupled partition can be 
obtained by taking the union of elements from {F^}^^ or {FHV For any 
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where k = 1, . . . ,U, we can find C {1, . . . , H} and C {1, . . . , V^} 
such that = Ujg/j. = Ujgj^. Tj". Using the maximal uncoupled partition, 
we can introduce measures m^, defined as 

mk{i,j)= "(P)^)P*^^^- (13) 

This allows us to write m{i,j) = Ylk=i i^kihj)^ 

We will show that if measure m is an invariant measure of the random 
walk in the quarter-plane, then the measures m^, k = 1, . . . ,U, will satisfy 
all balance equations. Let measure be induced by F^. By definition of C, 
this implies that all rrik, k = 1, . . . ,U, satisfy the balance equations for the 
states in the interior. Consider the balance equation for at state (i,0), 
we will obtain 

1 

[mk{i - s, 0)hs + mk{i- s, -i] - mk{i, 0) 

s=-l 

1 

s=-i (p,a)6r^ (p,'T)er;f 
1 

= «(p,o^)[E ('^'"'^^+'^"'^p«-0-pi 

{p,a)&ri s=-l 

1 

i&h (p,<7)erj' s=-i 

= 0. 

By Lemma 121 the interchange of the summations leading to the second equal- 
ity is valid. The last equality follows from the assumption that m is an 
invariant measure and Lemma [31 

^ Since the coefficients a{p,a) are not necessarily positive it is possible that mk{i,j) is 
negative. It is readily verified that in that case is the (signed) measure that is negative 
on the whole state space. We will see shortly that in that case we can use —irik- Hence 
we do not introduce the notion of a signed measure. 



Y ^(p^^)p' 



(p,'^)Gr^ 



P] 
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In similar fashion it follows that the vertical balance equations of are 
satisfied as well. As a consequence, we have shown that mi,-- - ,mu are 
invariant measures of P. Therefore, if [/ > 1 we have a contradiction to the 
fact that the invariant measure of an ergodic Markov process is unique up to 
a constant. □ 



5 Cardinality of F and signs of coefficients 

From the last section we know that if the invariant measure m of the random 
walk P is induced by F, then the maximal uncoupled partition of F contains 
only one set and is hence pairwise-coupled. In this section we present condi- 
tions on the cardinality of F and the signs of the coefficients in the measure 
induced by F. 

Theorem 3. Consider the random walk P and its invariant measure m, 
where m{i,j) = Yli{pa)eT^^P^^)P'^^ ' T <Z C , a{p,a) ^ 0. Then i) |F| ^ 2 
and a) if |F| < oo, at least one a{p,a) is negative . 

The proof of Theorem [3] follows as a consequence of two lemmas that are 
given in the remainder of this section. Lemma H] will prove that |F| ^ 2. 
Lemma [7] demonstrates necessity of negative coefficients for |F| < oo. 

Lemma 4. Consider the random walk P and its invariant measure m. If m 
is induced by a pairwise-coupled set T (Z C, then |F| 7^ 2. 

Proof. Without loss of generality, let 

m{i,j) = a{p, a)p'a^ + a{p, a)p'a\ (14) 

where (p, a) E C and (p, a) G C. 

It follows from the definition of C that a and a are the roots of the 
following quadratic equation in x, 

1 1 

E E P~'Ps,kx'-' - X = 0. (15) 

k=-l s=-l 

Note that the maximal vertically uncoupled partition of {(p, a), (p, 5")} 
consists of the two singleton components {(p, cr)} and {(p, a)}. It follows 
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from Lemma [3] that B"{{{p,a)}) = B^{{{p,(t)}) = 0. Therefore, a and a are 
the roots of the following quadratic equation as well 

1 

Y,iPP^hs + Vs){x'-'-x) = 0. (16) 

s=-l 

From a comparison of the coefficients of f[T^ and flTB]) it follows that 
either a) one of the roots will be 1, contradicting the definition of set C 
which is restricted within the unit square, or b) the transition probabilities 
of P are such that P is not irreducible and hence not ergodic. Hence, m 
cannot be the invariant measure of P. □ 

Before proving the next part of Theorem [3] we will provide a constructive 
example of a random walk with a measure induced by F, with |F| = 3. 
Note that for |F| = 1 there are many examples in the literature, see, for 
instance, |3]. Also, for |F| = oo constructive examples exist [I]. 

Example 1. Consider the random walk with = 2/5, Po,-i = 2/5, 

= 1/5, hi = 1/5, ho = 4/5, f_i = 18/25, vq = 7/25 and all other 
probabilities zero. Also, consider the measure m{i,j) = Yl'k=i'^kPk'^i, where 
(pi,(Ti) = (1/2,1/4), (p2,cT2) = (1/16,1/4), ips,as) = (1/16,1/36), = 1, 
a2 = —20/7 and = 862/231. It can be readily verified that m{i,j) satis- 
fies all balance equations, hence that m{i,j) is the invariant measure of the 
random walk. 

We now proceed to proving the next part of Theorem [3l We introduce a 
final piece of notation and two technical results that will help in the proofs. 
Let 

b\^') = fr^^.S^^'^ ( ^ + f 1 - ^) ^1 + (1 - ^^(r- )) h^i (17) 
and 

- .(rpi;S°(..^) " - ^(fe) " - ""'^^ 

Lemma 5. If a > a, p > p and a{p, cr) > then 

b\{{p, a), (p, a)}) > b\{{p, a)}), b\{{p, a), (p, a)}) < b\{{p, a)}), 
6"({(p, a), (p, a)}) > 6^({(p, a)}), 6^({(p, a), (p, a)}) < 6^({(p, a)}). 
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Proof. From the definition in (1171) it follows that 

b\{{p, a), p, a)}) = 7 \ p. {pP-1,-1 + Po,-i + -Pi,-i] 

a{p,a) + a[p,a) p 

1 



and 



b''{{{p, 5-)}) = a(pp_i,_i + po,-i + -^Ph-i) - Phi - Po,i - P-i,i- 

From the above the first row of inequalities follow directly. The remaining 
inequalities follow directly from f lTSj) . □ 

The second technical lemma that we will need is readily verified and 
stated here without proof. 

Lemma 6. //ti(l - p) + t2(l - p) >0, ti(l - 1/p) + t2{l - 1/p) > and 
p > p, then ti < and t2> 0. 

The second part of Theorem [3] for |r| < oo follows from the next lemma. 

Lemma 7. Consider the random walk P and its invariant measure m, where 
'^(^jj) = X](p cr)gr '^(P' r C C, a(p, cr) 7^ 0. // |r| < oo, then at least 
one a{p, a) is negative. 

Proof. Without loss of generality we assume that pi = P2, > (72 and 
o"2 > cTs > ■ ■ ■ > CTn- Moreover, ^(^J) is strictly decreasing in j in the 
following two cases which will be analyzed separately. The first case is p2 > 
Ps, P3 > P4 > ■ • ■ > Pn and g{T^) is strictly decreasing in i. The second case 
is p2 < ps, ps < P4 < • ■ ■ < Pn and g(Tf) is strictly increasing with i. 
For the first case we consider the relations 

{l-l/p^)h^ + {l-p^)h.^ = b\T1), 
il-l/p^)h, + il-p^)h^, = b\T%), 
(l-lM)t;i + (l-aiKi = 6^(r5'), 

(1 - IK) i;i + (1 - (T>_i = 6^(r;:,), 
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which by Lemma [3] are required to hold if m is the invariant measure of the 
random walk P. We will construct Si, S2, ti and ^2 that satisfy 

(1 - 1/pi) Si + (1 - l/p„) S2 > 0, 
(l-pi)Si + (l-p„)s2 >0, 

(l-l/ai)ti + (l-lK)t2>0, ^ ^ 

(l-(Ti)ti + (l-(T„)t2 >0 

and 

6^(rt)si + b\T%)s2 + + fe"(r^)t2 < 0. (21) 

By Farkas' Lemma this leads to a contradiction to (1191) because the tran- 
sition probabilities hi, h_i,vi,v^i are non-negative. The si, S2, ti and ^2 
are constructed by considering the auxiliary measure m = a{pi,(Ti)p\a{ + 
C({Pn,o'n)pnO'i^ and the two-dimensional random walk P, that has the same 
transition probabilities as P in the interior of the state space and transition 
probabilities hi, h-i, Vi and v_i along the boundaries. We now consider the 
rd^jt ions 

(1 - l/pi) hi + {l- pi)h_i = h\{{pi, ai)}), 
(1 - l/p„) hi + {l- Pn)h-i = h\{{pr„ a„)}), 
{l-l/ai)vi + {l-ai)v^i=h^{{{pi,ai)}), 
(1 - l/a„,) vi + {l- an)v^i = lf{{{pn, an)}). 

If fl22|) would hold for hi = hi, h_i = h^i, Vi = Vi and v^i = rh 
would be the invariant measure of P which contradicts the assumption that 
m is the invariant measure of P. However, if P is ergodic fl2^ cannot hold 
due to Theorem [2l If P is not ergodic, there is no finite invariant measure 
and (122|) cannot hold either. Therefore, fl22|) is not satisfied for any non- 
negative hi, h^i, vi and v^i. By Farkas' Lemma, there exist Si, S2, ti and 
t2 that satisfy (|2Ui) and 

b\{{pi, (ri)})si + 6'^({(p„, a^)})s2 + ^^{(pi, cTi)})ti + 6''({(p„, a„,)})t2 < 0. 

Note, that from Lemma E]it follows that &''({r^}) < 6''({(pi, ai)}), 

b'im}) > &'^({(p„,cr„)}), b^m}) = b^i{ipi,ai)}) and b^i{T\,}) > 
6"({(p„, cr„)}). Also, from Lemma [6] it follows that si > 0, S2 < 0, ti > 0, 
^2 < 0. Therefore, si, S2, h and t2 satisfy fl2Tl) . This concludes the proof of 
the first case. 
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For the second case we consider the relations 



{l-l/a^)v^ + {l-ai)v_i 
(1 - 1/0-2) fi + (1 - 02)v^i 



(23) 



that are necessary for m to be the invariant measure and obtain a contradic- 
tion by constructing ti and t2 that satisfy 



The auxihary measure that is used is m{i,j) = a(pi, ai)p\(7l + a{p2, a2)p20'i- 
Observe that pi = p2 and that the corresponding relations are 

(1 - 1/pi) h + p,)h^, = b\{{pu ai), (p2, fxs)}), 
(1 - 1/ai) v, + {l- a,)v^^ = 6^({(pi, a^)}), 
(1 - IM) v^ + {l- a2)v_^ = 6'^({(p2, ^2)}). 

From Farkas' Lemma and Lemma [Hit follows that there exist Si, ti and t2 
that satisfy (121]), and 

b'^iiip,, a,), {p2, cx2)})s^ + b\{{p„ ai)})ti + &''({(P2, cx2)})t2 < 0, (27) 

where Si = 0, since it satisfies (1 — l/pi)si > and (1 — pi)si > 0. More- 
over, since, b"{Tl) = 6''({(pi, ai)}) and, by Lemma O we have ^^(rg) > 
6''({(p2, o"2)}). Moreover, by Lemma [6] we have, ti > 0,t2 < 0. Then it 
follows that ti and t2 satisfy (|26|1 . This concludes the proof of the second 
case. □ 
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(l-l/(Ti)ti + (l-l/or2)t2 >0, 
(l-ai)ti + (l-a2)t2 >0, 
b^T\)t,+b''{Tl)t2<0. 



(24) 
(25) 
(26) 
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